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Abstract

The aim of this paper is to derive generalized multivariate statistical distributions
involving the density function as the I-functions. Special cases include the results
given by Mohammed [4,p.164].

1. Introduction

Notations and Results used :

(a)n stands for a(a+ 1) · · · (a+ n− 1)

(a)n = Γ(a+n)
Γ(a) , n ≥ 1

1(aj ;αj , Aj)p stands for (a1;α1, A1), (a2;α2, A2), · · · , (ap;αp, Ap)
n = Γ(n+1)

Γn , n ≥ 1.

−−−−−−−−−−−−−−−−−−−−−−−−−−−−

Key Words : Multivariable I-functions, The probability density function, The cumulative distri-

bution function, Characteristic function.
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Prathima [7, p. 38].

I-function of r-variables is defined and represented as,

I[z1, · · · , zr] = I0,N :m1,n1;··· ;mr,nr

P,Q:p1,q1;··· ;pr,qr z1
...
zr

∣∣∣∣∣∣∣
1(aj ;α

(1)
j , · · · , α(r)

j ;Aj)P :1 (c
(1)
j , γ

(1)
j ;C

(1)
j )p1 ; · · · , (c(r)

j , γ
(r)
j ;C

(r)
j )pr

(bj ;β
(1)
j , · · · , β(r)

j ;Bj)Q :1 (d
(1)
j , δ

(1)
j ;D

(1)
j )q1 ; · · · ;1 (d

(r)
j , δ

(r)
j ;D

(r)
j )qr


= 1

(2πω)r

∫
L1
· · ·
∫
Lr
θ1(s1) · · · θr(sr)φ(s1, · · · , sr)zs11 · · · zsrr ds1 · · · dsr,

(1.1)

where φ(s1, · · · , sr) and θi(si), i = 1, 2, · · · , r are given by,

φ(s1, · · · , sr) =

N∏
j=1

ΓAj

(
1− aj +

r∑
i=1

α
(i)
j si

)
Q∏
j=1

ΓBj

(
1− bj +

r∑
i=1

β
(i)
j si

)
P∏

j=N+1

ΓAj

(
aj −

r∑
i=1

α
(i)
j si

) , (1.2)

θi(si) =

mi∏
j=1

Γij(d
(i)
j − δ

(i)
j si)

ni∏
j=1

ΓC
(i)
j (1− c(i)

j + γ
(i)
j si)

qi∏
j=mi+1

ΓD
(i)
j (1− d(i)

j + δ
(i)
j si)

∏pi
j=ni+1 ΓC

(i)
j (c

(i)
j − γ

(i)
j si)

, (1.3)

The I-function of r-variables is analytic if

Ψi =
P∑
j−1

Ajα
(i)
j −

Q∑
j−1

Bjβ
(i)
j +

pi∑
j−1

C
(i)
j γ

(i)
j −

qi∑
j−1

D
(i)
j δ

(i)
j ≤ 0, i = 1, 2, · · · , r.

The integral (1.1) converges absolutely if |arg(zi)| < 1
2∆iπ, i = 1, 2, · · · , r, where

∆i =

(
−

P∑
j−n+1

Ajα
(i)
j −

Q∑
j−1

Bjβ
(i)
j +

mi∑
j−1

D
(i)
j δ

(i)
j −

qi∑
j−mi+1

D
(i)
j δ

(i)
j

+
ni∑
j=1

C
(i)
j γ

(i)
j −

pi∑
j=ni+1

C
(i)
j γ

(i)
j γ

(i)
j

)
> 0

. (1.4)

On taking D
(i)
j = 1 (j = 1, 2, · · · ,mi, i = 1, 2, · · · , r) in (1.1), then I-function will be
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denoted by

I[z1, · · · , zr] = I0,N :m1,n1;··· ;mr,nr

P,Q:p1,q1;··· ;pr,qr z1
...
zr

∣∣∣∣∣∣
I1

I2


= 1

(2πω)r

∫
L1
· · ·
∫
Lr
θ1(s1) · · · θr(sr)φ(s1, · · · , sr)Zs11 · · ·Zsrr ds1 · · · dsr,

(1.5)

where

I1 = 1(aj ; al
(1)
j , · · · , ]al(r)j ;Aj)P :1 (c

(1)
j , γ

(1)
j ;C

(1)
j )p1 ; · · · ; 1(c

(r)
j , γ

(r)
j ;C

(r)
j )pr

I2 = 1(bj ;β
(1)
j , · · · , β(r)

j ;Bj)Q : 1(d
(1)
j , δ

(1)
j ; 1)m1 ;

mi+1(d
(1)
j , δ

(1)
j ;D

(1)
j )q1 ; · · · ; 1(drj , δ

r
j ; 1)mr :mi+1 (d

(r)
j , δ

(r)
j ;nD

(r)
j )qr

θi(sr) =

mi∏
j=1

Γ(d
(i)
j − δ

(i)
j si)

ni∏
j=1

ΓC
(i)
j (1− c(i)

j + γ
(i)
j si)

qi∏
j=mi+1

ΓD
(i)
j (1− d(i)

j + δ
(i)
j si)

pi∏
j=ni+1

ΓC
(i)
j (c

(i)
j − γ

(i)
j si)

,

where i = 1, 2, · · · , r.
The integral (1.5) converges absolutely if |arg(zi)| < 1

2∆′iπ, i = 1, 2, · · · , r, where

∆′i =

− P∑
j−n+1

Ajα
(i)
j −

Q∑
j−1

Bjβ
(i)
j +

mi∑
j−1

δ
(i)
j −

qi∑
j−mi+1

D
(i)
j δ

(i)
j +

ni∑
j−1

C
(i)
j γ

(i)
j −

pi∑
j−ni+1

C
(i)
j γ

(i)
j

 > 0, i = 1, 2, · · · , r.

(1.6)

When N = P = Q = 0, in I function of r-variables I[z1, · · · , zr] breaks in to the

product of r functions. The probability density function f(x) of random variable X is

defined as ∫ +∞

−∞
f(x)dx = 1, f(x) ≥ 0, ∀ x. (1.7)

The cumulative distributioin function of X is given by

F (x) =

∫ +∞

−∞
f(t)dt provided F (−∞) = 0, F (∞) = 1 & P (a ≤ X ≤ b) = F (b)−F (a).

(1.8)

The characterestic function of X with density function

f(x) is, φ(t) = E(eiα) =

∫ +∞

−∞
eiαf(x)dx, provided φ(0) = 1, |φ(t)| ≤ 1, (1.9)
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φ(t) is continuous in t and is defined in every finite interval.

2. Main Results

The probability density function f(x) of a family of finite distributiion is given by

f(x) =

(
1

K

)
xd−1−Im1n1

p,q1

z1x
h1

∣∣∣∣∣∣∣
1(c

(1)
j , γ

(1)
j ;C

(1)
j )p1

1(d
(1)
j , δ

(1)
j ; 1)m1 ; mi+1(d

(1)
j δ

(1)
j ;D

(1)
j )q1


· · · Imr,nr

pr,qr

zrxhr
∣∣∣∣∣∣∣

1(c
(r)
j , γ

(r)
j ;C

(r)
j )pr

1(dj , δ
(r)
j ; 1)mr ; mr+1(d

(r)
j δ

(r)
j ;D

(r)
j )q1

 , 0 < x < 1

= 0, elsewhere (2.1)

The constant K is given by

K = I
0,1:m1,n1;··· ;mr,nr

1,1:p1,q1;··· ;pr,qr

 z1
...
zr

∣∣∣∣∣∣
I1

I2

 , (2.2)

where

I1 = (1− d, h1, · · · , hr; 1)1;Aj)P : 1(c
(1)
j , γ

(1)
j ;C

(1)
j )p1 ; · · · ; 1(c

(r)
j , γ

(r)
j ;C

(r)
j )pr

I2 = (−d, h1, · · · , hr; 1); 1(d
(1)
j , δ

(1)
j ; 1)m1 ; m1+1(d

(1)
j , δ

(1)
j ;D

(1)
j )q1

; · · · ; 1(drj , δ
r
j ; 1)mr ; mr+1(d

(r)
j , δ

(r)
j ;D

(r)
j )qr

provided

1. (i) dk > 0, hk > 0, k = 1, 2, · · · , r.

2. (ii) Re(d, hkd
(k)
j /δ

(k)
j ) > 0, j = 1, 2, · · · ,mk, k = 1, 2, · · · , r

3. (iii) |arg(z1)| < 1
2∆′iπ, i = 1, 2, · · · , r where

∆′i =

− P∑
j=n+1

Ajα
(i)
j −

Q∑
j=1

Bjβ
(i)
j +

mi∑
j=1

δ
(i)
j −

ai∑
j=mi+1

D
(i)
j δ

(i)
j

+

ni∑
j−1

C
(i)
j γ

(i)
j −

pi∑
j−ni+1

C
(i)
j γ

(i)
j

 > 0, i = 1, 2, · · · , r.
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Proof : Consider the integral∫ 1

0
xd−1I[z1x

h1 , · · · , zrxhr ]dx

=

∫ 1

0
xd−1

(
1

(2πω)r

∫
L1

· · ·
∫
Lr

θ1(s1) · · · θr(sr)φ(s1, · · · , sr)(z1x
h1)s1 · · · (zrxhr)srds1 · · · dsr

)
dx

=
1

(2πω)r

∫
L1

· · ·
∫
Lr

θ1(s1) · · · θr(sr)φ(s1, · · · , sr)zs11 · · · z
sr
r

(∫ 1

0
xh1s1+···+hrsr+d−1dx

)
ds1 · · · dsr

=
1

(2πω)r

∫
L1

· · ·
∫
Lr

(
θ1(s1) · · · θr(sr)φ(s1, · · · , sr)zs11 · · · z

sr
r

1

(h1s1 + · · ·+ hrsr + d)

)
ds1 · · · dsr

=
1

(2πω)r

∫
L1

· · ·
∫
Lr

(
θ1(s1) · · · θr(sr)φ(s1, · · · , sr)zs11 · · · z

sr
r

Γ(h1s1 + · · ·+ hrsr + d)

Γ(h1s1 + · · ·+ hrsr + d+ 1)

)

= I0,N+1:m1,n1;··· ;mr,nr

P+1,Q+1:p1,q1;··· ;pr,qr

 z1
...
zr

∣∣∣∣∣∣
I1

I2

 .
where

I1 = (1− d, h1, · · · , hr; 1)1(aj , α
(1)
j , · · · , α(r)

j ;Aj)P : 1(c
(1)
j , γ

(1)
j ;C

(1)
j )p1 ; · · · ; 1(c

(r)
j , γ

(r)
j ;C

(r)
j )pr

I2 = (−d, h1, · · · , hr1) 1(bj ;β
(1)
j ; · · · , β(r)

j ;Bj)Q :1 (d
(1)
j , δ

(1)
j ; 1)m1 ; m1+1(d

(1)
j , δ

(1)
j ;D

(1)
j )q1 ;

; · · · ; 1(drj , δ
r
j ; 1)mr ; mr+1(d

(r)
j , δ

(r)
j ;D

(r)
j )qr .

Put N = P = Q = 0. Then

∫ 1

0
xd−1(I[z1x

h1 ]I[z2x
h2 ] · · · I[zrx

hr ])dx = I
0,1:m1,n1;··· ;mr,nr

1,1:p1,q1;··· ;pr,qr

 z1
...
zr

∣∣∣∣∣∣
I1

I2


I1 = (1− d, h1, · · · , hr; 1)1 (aj ;α

(1)
j , · · · , α(r)

j ;Aj)P : 1(c
(1)
j , γ

(1)
j ;C

(1)
j )p1 ;

· · · ; 1(c
(r)
j , γ

(r)
j ;C

(r)
j )pr

I2 = (−d, h1, · · · , hr; 1)1 (bj ;β
(1)
j , · · · , β(r)

j ;Bj)Q : 1(d
(1)
j , δ

(1)
j ; 1)m1 ; m+1+1(d

(1)
j , δ

(1)
j ;D

(1)
j )q1 ;

· · · ; 1(drj , δ
r
j ; 1)mr ; mr+1(d

(r)
j , δ

(r)
j ;D

(r)
j )qr .
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3. Properties

(i) The cumulative distribution function P (x)w is given by

F (x) =

∫ x

−∞
f(t)dt

=

∫ x

0
f(t)dt

=

(
1

k

)
xdI0,1:m1,n1;··· ;mr,nr

1,1:p1,q1;··· ,pr,qr

 z1x
h1

...
zrx

hr

∣∣∣∣∣∣
I1

I2

 , (3.1)

where

I1 = (1− d, h1, · · · , hr; 1)1; (Aj)P :1 (c
(1)
j , γ

(1)
j ;C

(1)
j )p1 ; · · · ; 1(c

(r)
j , γ

(r)
j ;C

(r)
j )pr

I2 = (−d, h1, · · · , hr; 1); 1(d
(1)
j , δ

(1)
j ; 1)m1 ; m+1+1(d

(1)
j , δ

(1)
j ;D

(1)
j )q1 ;

· · · ; 1(drj , δ
r
j ; 1)mr ; mr+1(d

(r)
j , δ

(r)
j ;D

(r)
j )qr .

Provided the conditions similar to that of (2.1) are satisfied.

The proof of (3.1) is similar to that of (2.1).

(ii) The characterestic function is given by

φ(t) =

∫ +∞

−∞
eitxf(x)dx

=

∫ 1

0
eitxf(x)dx

=

(
1

k

)∑ (it)n

n!
I0,1:m1,n1;··· ;mr,nr

1,1:p1,q1;··· ,pr,qr

 z1
...
zr

∣∣∣∣∣∣
I1

I2

 ,
I1 = (1− n− d, h1, · · · , hr; 1)1;1 (c

(1)
j , γ

(1)
j ;C

(1)
j )p1 ; · · · ; 1(c

(r)
j , γ

(r)
j ;C

(r)
j )pr

I2 = (−n− d, h1, · · · , hr; 1); 1(d
(1)
j , δ

(1)
j ; 1)m1 ; m+1+1(d

(1)
j , δ

(1)
j ;D

(1)
j )q1 ;

· · · ; 1(drj , δ
r
j ; 1)mr ; mr+1(d

(r)
j , δ

(r)
j ;D

(r)
j )qr .

Provided the conditions similar to that of (2.1) and f(x) and K are defined by (2.1)

and (2.2) respectively.
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Proof : Consider the integral,∫ 1

0
eitx

(
1

K

)
xd−1(I[z1x

h1z2x
h2 · · · zrxhr ])

=
1

K

∫ 1

0
xd−1

(
1

(2πω)r

∫
L1

· · ·
∫ −
Lr

θ1(s1) · · · θr(sr)φ(s1, · · · , sr)(z1x
h1) · · · (zrxhr)ds1 · · · dsr

)
dx

=

(
1

K

)
1

(2πω)r

∫
L1

· · ·
∫
Lr

θ1(s1) · · · θr(sr)φ(s1, · · · , sr)zs11 · · · z
sr
r(∫ 1

0
xh1s1+···+hrsr+d−1dx

∑ (itx)n

n!

)
ds1 · · · dsr(

1

K

)∑ (it)n

n!

1

(2πω)r

∫
L1

· · ·
∫
Lr

(θ1(s1) · · · θr(sr)φ(s1, · · · , sr)

zs11 · · · z
sr
r

(
Γ(n+ h1s1 + · · ·+ hrsr + d)

Γ(h1s1 + · · ·+ hrsr + d+ 1)

)
ds1 · · · dsr

= I0,N+1:m1,n1;··· ;mr,nr

P+1,Q+1:p1,q1;··· ,pr,qr

 z1
...
zr

∣∣∣∣∣∣
I1

I2

 ,
where

I1 = (1− n− d, h1, · · · , hr; 1)1;1 (c
(1)
j , γ

(1)
j ;C

(1)
j )p1 ; · · · ; 1(c

(r)
j , γ

(r)
j ;C

(r)
j )pr

I2 = (−n− d, h1, · · · , hr; 1); 1(d
(1)
j , δ

(1)
j ; 1)m1 ; m+1+1(d

(1)
j , δ

(1)
j ;D

(1)
j )q1 ;

· · · ; 1(drj , δ
r
j ; 1)mr ; mr+1(d

(r)
j , δ

(r)
j ;D

(r)
j )qr .

4. Special cases

When r = 2, the probability density function f(x) of a family of finite distribution is

given by,

f(x) =

(
1

K

)
xd−1I

m1,n1

p1,q1

z1x
h1

∣∣∣∣∣∣∣
1(c

(1)
j , γ

(1)
j ;C

(1)
j )p1

1(d
(1)
j , δ

(1)
j ; 1)m1 ; m1+1(d

(1)
j δ

(1)
j ;D

(1)
j )q1


I
m2,n2

p2,q2

z2x
h2

∣∣∣∣∣∣∣
1(c

(r)
j , γ

(r)
j ;C

(r)
j )p1

1(dj , δ
(r)
j ; 1)m1 ; m1+1(d

(r)
j δ

(r)
j ;D

(r)
j )qr

 , 0 < x < 1

= 0 elsewhere. (4.1)
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When r = 2, the cumulative distribution F (x) is given by

F (x) =
1

k
xdI0,1:m1,n1;··· ;mr,nr

1,1:p1,q1;··· ,pr,qr

 z1
...
zr

∣∣∣∣∣∣
I1

I2

 (4.2)

I1 = (1− d, h1, h2; 1)1Aj)P ;1 (c
(1)
j , γ

(1)
j ;C

(1)
j )p1 ; · · · ; 1(c

(2)
j , γ

(2)
j ;C

(2)
j )p2

I2 = (−d, h1, h2; 1); 1(d
(1)
j , δ

(1)
j ; 1)m1 ; m+1+1(d

(1)
j , δ

(1)
j ;D

(1)
j )q1 ;

· · · ; 1(d
(2)
j , δ

(2)
j ; 1)m2 ; m2+1(d

(2)
j , δ

(2)
j ;D

(2)
j )q2 .

When r = 2, the characteristic function is given by

φ(t) =

(
1

k

)∑ (it)n

n!
I0,1:m1,n1;··· ;mr,nr

1,1:p1,q1;··· ,pr,qr

 z1
...
zr

∣∣∣∣∣∣
I1

I2

 (4.3)

I1 = (1− n− d, h1, h2; 1);1 (c
(1)
j , γ

(1)
j ;C

(1)
j )p1 ; 1(c

(2)
j , γ

(2)
j ;C

(2)
j )p2

I2 = (−n− d, h1, h2; 1); 1(d
(1)
j , δ

(1)
j ; 1)m1 ; m+1+1(d

(1)
j , δ

(1)
j ;D

(1)
j )q1 ;

1(d2
j , δ

2
j ; 1)m2 ; m2+1(d

(2)
j , δ

(2)
j ;D

(2)
j )q2 .

When C
(1)
j · · ·C

(r)
j = 1;D

(1)
j · · ·D

(r)
j = 1, (2.1) reduces to the result given by Mohammed

[4, p. 164].
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